
Assignment 2: Nonlinear Demand Estimation
Econ 543

Due: October 27

This homework assignment will give you practice working with the basics of the random coefficients
multinomial logit demand model (Berry 1994). Compared to Problem set 1, we will now introduce three
new sources of consumer heterogeneity:

� Consumer demographic characteristics (income)

� Unobserved preference for sugar

� Unobserved preference for caffeine

The file product data ps2.csv contains information on 50 different soft drinks, for 50 different markets.
This dataset contains the following variables: product ID (the product ID), type (a variable indicating if
the product is a diet or a regular soda), price (the product’s price during period t, in USD), quantity (the
number of cans sold in market t), sugar (the grams of sugar contained in product j at time t), caffeine (the
milligrams of caffeine contained in product j at time t), caffeine extract price (the price of caffeine at time
t), corn syrup price (the price of high fructose corn syrup at time t), and t (the observation’s time period).
Throughout this problem set, assume that the market size is Mt = M̄ = 10, 000 for all markets.

Let Jt = {1, . . . , Jt} denote the set of all products available in market t. As usual, let j = 0 denote the
outside good (not consuming any product).

Consumer i’s indirect utility from consuming soda j in market t is given by the following expression:

uijt = γ + αitpjt + β1isugjt + β2icafjt + ξjt + εijt

with αit = ᾱ+ αyyit,

β1it = β̄1 + ν1itσ1, ν1it ∼
iid

N(0, 1)

β2it = β̄2 + ν2it σ2, ν2it ∼
iid

N(0, 1)

The utility of the outside option (j = 0) is normalized to be mean zero across consumers:

ui0t = εiot

pjt denotes the price (in USD) of product j at time t, sugjt denotes j’s sugar content (in grams) at time
t, cafjt denotes j’s milligrams of caffeine at time t, and ξjt represents the unobserved quality of product
j during time period t. yit denotes the income of consumer i, and ν1it and ν2it represent i’s unobserved
preferences for sugar and caffeine, respectively. Finally, γ represents an intercept. Moreover, assume that
εijt are iid draws from a standard type 1 extreme value distribution.

Following BLP, the mean (common) utility derived by all consumers from product j in market t is given
by:

δjt = ᾱpjt + β̄1sugjt + β̄2cafjt + γ + ξjt

The consumer-specific (heterogeneous) component of utility is given by

µijt = αyyitpjt + σ1νi1tsugjt + σ2νi2tcafjt

1 Computing market shares with simulation draws

Problem 1(a). The file consumer census.csv contains micro-level data on households’ income for each
market t in our sample. Let ȳt denote the average income in market t, let σyt

denote the variance of yit in
market t, and let p̄t =

∑
j pjtsjt denote the average price paid in market t.

� Compute ȳt, σyt
, and p̄t for each market.

1



� Compute cor(ȳt, p̄t). Do consumers in wealthier markets buy more expensive products on average?

Problem 1(b). Write a function that takes the observed distribution of income of each market, the number
of consumers to be simulated (S), and a random seed (for replicability) as inputs, and uses pseudo-Monte
Carlo draws to return a simulated sample of S consumers for each market t. For each consumer i and each
market t, the output of this function must contain yit, ν1it, and ν2it . Note that you will use the observed
distribution of income (from the census) to draw each consumer’s income.

1. Use this function to draw 50 samples of size 100 (50 different samples, each sample includes 100
simulated consumers). Report, for each sample, the mean and the variance of yit, νi1, and νi2.

2. Use this function to draw a sample of 500 consumers for each market t.

Problem 1(c). Given our distributional assumptions over εijt, the probability that consumer i in market
t, with heterogeneity given by yit, ν1it, and ν2it purchases product j is given by:

sijt(δt, θ2) = Pr (uijt ≥ uikt, ∀k ∈ Jt) =
exp (δjt + µijt(θ2))

1 +
∑

k exp (δkt + µikt(θ2))

Let S denote the set of simulated consumers you obtained in Problem 1(b). Write a function that, given
the parameters δt = {δ1t, ..., δJt,t} and θ2 = {α, σ1, σ2} computes the vector of individual choice probabilities
sijt = Pr (uijt ≥ uikt∀k ∈ Jt) for all i ∈ S. You will use this function for part 1 (d).

Hint:

A common issue when trying to compute shares sijt is overflow, which arises due to rounding
when trying to compute very large or very small values such as exp(800) (in which case the
computational software can return Inf or exp(−800) (in which case it can return 0).

One way to deal with this is by using the log-sum-exp function

LSE(x) = log
∑
k

expxk

Let uit = (0, ui1t, . . . , uiJt,t) denote the vector of utilities of all products, with

uijt = δjt + µijt

Let IncV alit = LSE (uit) We can alternatively compute sijt as

sijt = exp ((δjt + µijt)− IncV alit)

Which guarantees overflow safety (see Conlon & Gortmaker (2020) for further details).

Problem 1(d). Suppose the linear parameters are ᾱ = −1, β1 = 0.5, β2 = 0.5, and γ = −1.5. Com-
pute δjt for each product and each market, assuming ξjt = 0,∀ j, t. Call the vector of δs you get δpt .

Let θ′2 = (αy′
, σ′

1, σ
′
2) = (0, 0, 0). Compute the conditional shares sijt(δ

p
t , θ

′
2) for each consumer. Let

θ′′2 = (αy′′
, σ′′

1 , σ
′′
2 ) = (0, 1, 1). Compute the conditional shares sijt(δ

p
t , θ

′′
2 ).Comment on how the conditional

probabilities change if we use θ′2 or θ′′2 .

Problem 1(e). Let ŝjt denote the predicted market share of product j at time t, which is given by:

ŝjt (δt, θ2) =

∫
i

exp (δjt + µijt (θ2))

1 +
∑

k exp (δkt + µikt (θ2))
dFt(i)

where θ2 denotes the non-linear parameters of this model, δt is the vector of mean utilities of all products,
and Ft(i) denotes the distribution of consumer characteristics in market t.

2



Given that we have a sample of 500 consumers drawn from Ft(i), we can approximate the integral over
Ft(i) by summing over all consumers in market t:

ŝjt (δt, θ2) ≈
∑
i∈St

witsijt =
∑
i∈St

wit
exp (δjt + µijt (θ2))

1 +
∑

k∈Jt
exp (δkt + µikt (θ2))

Where St denotes the set of simulated consumers, and wit =
1

|St| =
1

500 .

Write a function that aggregates the individual choice probabilities of all consumers to compute the
predicted market shares for each product, as a function of δt = (δ1t, ..., δJt,t) and θ2 = (α, σ1, σ2). Given

nonlinear parameters αy′′
= 0, σ′′

1 = 1, σ′′
2 = 1, the vector δpt from Problem 1(d), and the sample of simulated

consumers you obtained in part 1 (b), compute ŝjt(δ
p
t , θ

′′
2 ) for all products and all markets. Compute

p̄′′t =
∑

j pjtŝjt(δ
p
t , θ

′′
2 ) and cor(p̄′′t , ȳt). Compare the correlation between the average prices paid by consumers

predicted by the model and those observed in the data (from Problem 1(a)). What does the difference between
these results suggest about the true value of αy?

2 Inverting shares to recover mean product qualities given non-
linear parameters

Problem 2(a). Let sjt be the market shares for product j in market t observed in the data, and ŝjt (δt, θ2)
be the market shares predicted by the model. Berry (1994) shows that, given θ2, there exists a unique vector

δ̂t (θ2) that equates the observed and the predicted market shares:

sjt = ŝjt

(
δ̂t (θ2) , θ2

)
In order to find the vector δ̂t (θ2) that equates the observed and the predicted market shares, we can use the
following contraction mapping:

δ
(τ+1)
t = δ

(τ)
t + log (st)− log

(
ŝt

(
δ
(τ)
t , θ2

))
where δ

(τ)
t denotes the current-period guess for δ̂t (θ2). Write a function that employs this contraction

mapping (or one of the alternatives discussed in Conlon & Gortmaker (2020)) to find δ̂j (θ2) for any given
θ2.

Problem 2(b). In this exercise, we will study how the accuracy of δ̂t (θ2) changes depending on the size
of our sample of simulated consumers. As before, let θ′′2 = (0, 1, 1). For market t = 1 and n = 1, 2, ..., 100,
draw a sample Sn of consumers using the function you wrote for Problem 1(b), each of them containing
Sn = 100 simulated consumers (100 different samples, each sample must include 100 consumers). For each
sample Sn ∈ {S1,S2, . . . ,S100}, let

δ̂n(θ
′′
2 ) =

(
δ̂1tn(θ

′′
2 ), . . . , δ̂Jttn(θ

′′
2 )
)

1. Plot the distribution of δ̂1tn(θ
′′
2 ).

2. Report the sample mean:

δ̂1t =
1

100

100∑
n=1

δ̂1tn(θ
′′
2 )

3. Report the sample variance

1

100

100∑
n=1

(
δ̂1tn(θ

′′
2 )− δ̂1t

)2

4. Repeat 1, 2, and 3 increasing the size of each sample from 100 to 500. How do the results from parts
2(a) and 2(b) compare to each other?
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3 The objective function

Problem 3(a). In this problem, we will follow Gandhi and Houde (2023) to construct differentiation in-
struments Aj (xt, wt) using the products’ observed characteristics

xjt = (1, sugjt, cafjt)

and price instruments

wjt = (corn syrup pricet × sugjt, caffeine extract pricet × cafjt)

.
Let p̂jt be the predicted values form the following regression

pjt = β0 + ϕ1corn syrup pricet × sugjt + ϕ2caffeine extract pricet × cafjt + φjt

Note that, by construction, p̂jt satisfies E [ξjt | xt, p̂t] = 0
Our instrument function is given by

xjt

p̂jt
p̂jtȳt∑

k∈Jt
k ̸=j

(cafkt − cafjt)
2∑

k∈Jt
k ̸=j

(sugkt − sugjt)
2


= Aj(xt, wt) = zjt

Where ȳt denotes the average income in market t. Construct the instruments Aj(xt, wt).

Problem 3(b). For each product j and each market t, let zjt ∈ RM denote the vector of instruments you
constructed in part (a). Note that zjt satisfies

E [ξjt | zjt] = 0

Therefore, we have that E [ξjtzjt] = 0.
Recall that

ξjt = δjt − ᾱpjt
− β̄1sugjt − β̄2cafjt − γ

Let
ξ̂jt (θ2) = δ̂jt (θ2)− ˆ̄αpjt − ˆ̄β1sugjt − ˆ̄β2cafjt − γ̂

where θ̂1 =
{
ˆ̄α, ˆ̄β1,

ˆ̄β2, γ̂
}
is the vector of parameters estimated by linear GMM:

θ̂1 =
(
X⊤ZWZ⊤X

)−1
X⊤ZWZ⊤δ̂ (θ2)

Z is a (Jt × T ) ×M matrix created by stacking the vectors zjt for all j and all t on top of each other,
and X is a (Jt × T )× 4 matrix created by stacking the vector (pjt, sugjt, cafjt, 1) for all j and all t on top
of each other.

Let W be an M ×M matrix given by1:

W = (Z⊤Z/(Jt × T ))−1

Our vector of sample moment conditions g1 is then given by

g1 (θ2) =
1

Jt × T

(
Z⊤ξ̂jt(θ2)

)
1Note: for efficient GMM estimation, we would need to do a two step procedure. In the first stage, we would use a positive-

definite weighting matrix (usually the 2SLS weighting matrix) and get some pilot estimates θp. In the second stage, we set
the weighting matrix equal to the sample Var-Cov matrix of the moment conditions evaluated at θp. To make things simpler
in this exercise, we will just perform the first-step estimation using the 2SLS weighting matrix, which is the optimal weighting
matrix under the assumption of homoskedasticity.
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The GMM objective function is defined as

q (θ2) = g1 (θ2)
⊤
Wg1 (θ2)

The GMM problem is
min
θ2

q (θ2) = g1 (θ2)
⊤
Wg1 (θ2)

Code the GMM objective function that you would use to estimate the nonlinear parameters θ2, using the
instruments you derived in part (a). Evaluate the objective function at θ̃ = (−0.5, 2, 2).

Problem 3(c). The gradient of the GMM objective function is

∇q (θ2) = 2G (θ2)
⊤
Wg (θ2)

with

G (θ2)︸ ︷︷ ︸
7×3

=
1

N
ZT︸︷︷︸
7×N

∂ξ

∂θ2︸︷︷︸
N×3

∂ξ

∂θ2
=

∂δ

∂θ2
∂δ
∂θ2

can be separated by market t, after using the implicit function theorem:

∂δt
∂θ2

(θ2)︸ ︷︷ ︸
Jt×3

= −
(
∂ŝt
∂δt

(θ2)

)−1

︸ ︷︷ ︸
Jt×Jt

[
∂ŝt
∂θ2

(θ2)

]
︸ ︷︷ ︸

Jt×3

∂ŝt
∂δt

(θ2) =


∂ŝ1t
∂δ1t

· · · ∂ŝ1t
∂δJt,t

...
. . .

...
∂ŝJt,t

∂δ1t
· · · ∂ŝJt,t

∂δJt,t



∂ŝt
∂θ2

(θ2) =


∂ŝ1t
∂α

∂ŝ1t
∂σ1

∂ŝ1,t
∂σ2

...
...

...
∂ŝJt,t

∂α

∂ŝJt,t

∂σ1

∂ŝJt,t

∂σ2

 ,

with

∂ŝjt
∂δkt

=

∫
∂sijt
∂δkt

dF (i)

=

∫
sijt(1− sijt)dF (i) if j = k,

=

∫
−sijtsiktdF (i) if j ̸= k.

∂ŝt
∂θ2

(θ2) =


∂ŝ1t
∂α

∂ŝ1t
∂σ1

∂ŝ1,t
∂σ2

...
...

...
∂ŝJt,t

∂α

∂ŝJt,t

∂σ1

∂ŝJt,t

∂σ2

 ,

with
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∂ŝjt
∂αy

=

∫
yitpjtsijt(1− sijt)− yitsijt

∑
k ̸=j

pktsikt

 dF (i)

∂ŝjt
∂σ1

=

∫
ν1itsugjtsijt(1− sijt)− ν1itsijt

∑
k ̸=j

sugktsikt

 dF (i)

∂ŝjt
∂σ2

=

∫
ν2itcafjtsijt(1− sijt)− ν2itsijt

∑
k ̸=j

cafktsikt

 dF (i)

Write a function that computes the analytic gradient as a function of the vector of nonlinear parameters
θ2.

Problem 3(d). Compute the gradient of the GMM objective function numerically, evaluated at θ̃ =
(−0.5, 2, 2). Compare your result to the one you obtain using the function you wrote in Problem 3(c)

Problem 3(e). Estimate the vector θ̂2 such that

θ̂2 = argmin
θ2

q (θ2) = g1 (θ2)
⊤
Wg1 (θ2)

Report the estimated coefficients { ˆ̄α, β̂1, β̂2, γ̂, α̂
y, σ̂1, σ̂2}.
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